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Slow rotation of a cylindrical kiln, partially filled with powder or granular solid, 
produces a planar interface between the bulk of the solid and the gas phase, tilted 
at the angle of repose. Particles cascade downward on this plane, moving relatively 
freely and randomly, prouiding the principal mechanism for particulate diffusion 
and mixing in the kiln. The plane is also the most favorable location for chemical 
reactions that require efficient gas-solid heat and mass transfer. Conservation equa- 
tions are constructed forplanar and bulk regions, coupled by theparticulate exchange 
produced by rotation. Sample problems of mixing and heat exchange illustrate 
problem formulation and useful simplifications. A penetration model predicts wall- 
to-bed heat transfer coefficients, leading to better agreement with experiment than 
is obtained when planar processes are omitted. 

Introduction 
Rotary kilns are employed in a variety of processes involving 

combinations of particulate mixing and gas-solid or solid- 
phase reaction with intensive heat and mass transfer. Calcin- 
ation, pyrolysis, and sintering, generally endothermic reactions 
controlled by combinations of heat addition and rate of ab- 
sorption or elimination of gas, are typical and classical ex- 
amples. Kilns are operated with continuous feed and discharge, 
pitched slightly from inlet to  outlet, normally running less than 
half-full of solid. The upper space accommodates a counter- 
current flow of hot gas which may serve both to supply the 
heat of reaction and to  provide reactant or carry off gaseous 
products. 

The top plane of the solid phase is evidently the most likely 
region for the highest rates of transfer, providing an excellent 
receptor for both convective and radiative heat transfer and 
facilitating mass transfer to  the contiguous gas phase. 

The top plane is also the active region for particulate mixing 
in the system, the one location at  which individual particles 
or small clumps are relatively free of surrounding solids and 
may move randomly, so as to  permit dispersion of particles 
of different composition. 

A previous study (Singh, 1978) used a two-dimensional model 
based on methods of the kinetic theory of gases to characterize 
particle interactions on the top plane and to  define a particulate 
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diffusion coefficient appropriate when particle population is 
quite small-conditions produced ordinarily by a low rate of 
vessel rotation. The diffusion coefficient thus defined serves 
as the basis for the prediction of diffusivities for denser con- 
ditions on the top plane, permitting general correlation of the 
applicable experimental data within their precision. 

Previous studies of rotary kilns have often produced models 
used to simulate or rationalize chemical and transport pro- 
cesses. Mu and Perlmutter (1980, 1981), for example, devel- 
oped a one-dimensional form describing the bulk flow and 
dependent on  just the axial variable. Rotational processes and 
flow over the top plane tend to equalize conditions laterally, 
so that the one-dimensional description is useful. 

In the present work we include more detail about particle 
movement on  the top plane and in the bulk, permitting mul- 
tidimensional representations. The objective is a set of con- 
servation equations that includes diffusional terms and permits 
a wider variety of problems to  be framed and solved. We 
illustrate uses with problems of particulate mixing and of heat 
transfer. 

Top-Plane and Bulk-Phase Flows 
Particle exchange rate 

Prior studies have noted that movement of solid is quite 
regular both in axial flow and with rotation of the kiln. Packing 
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Figure 1. Rotary kiln. 
a. Cross section 
b. Lateral view 
(x,  y )  top-plane coordinates 
(x ,  y ,  r )  or ( r ,  0, y )  coordinates of bulk of solid a angle of repose 
Degree of fill is determined by angle 0 
y axial pitch of kiln 
Tangential vector at x = l  suggests how additional top-plane mo- 
mentum is supplied by rotation, then is removed at x =  - P 

in the bulk of the solid is sufficiently dense to cause the par- 
ticulate mass to respond to rotation as an almost completely 
rigid body. There is friction between the particles and the vessel 
wall sufficient to cause the solid phase to be tilted laterally by 
rotation, at the angle of repose. Internal devices may be in- 
stalled to assist this process and to discourage the periodic 
slumping of the bed that might otherwise occur. Axial move- 
ment of the solid is not strongly deterred by wall friction, 
however, and internals may be designed to induce flow at the 
wall and to promote plug flow in the axial direction. The 
resulting flat velocity profile is perturbed only moderately by 
percolation and other rearrangement phenomena. 

Thus, the bulk of the particulate solid is transported by 
relatively rigid rotational and axial motions. These two mech- 
anisms provide little opportunity for mixing, most of which 
must take place on the top plane. This has been illustrated in 
an experiment involving mixing of tracer particles: blocking 
axial movement on the top plane, but not in the bulk, reduced 
the diffusion coefficient of the mixing process by more than 
90% (Singh, 1978). Photographic experiments have been es- 
pecially helpful in portraying the action of the top plane in 
producing lateral mixing (Bridgwater, 1976; Lehmberg et al., 
1983; Oyama, 1980), which is facilitated by the rapid down- 
ward flow of particles, so that lateral fluxes are several times 
larger than axial values. 

Figure 1 suggests a cross section of the solid phase and a 

plan view of the top plane. From the cross-sectic n geometry 
we may calculate that the volumetric flow onto the top plane 
resulting from one complete revolution is given by 

where I is the half-width of the top plane and L and R are 
respectively kiln length and radius. For spherical particles of 
diameter u, having void fraction in the bulk E ,  the :orrespond- 
ing particle flow onto the top plane, that is, for x:*O in Figure 
1 ,  equal to that returning to the bulk in x < O ,  is Np=6(1 
- E)P’LQ/~, where 52 is the rotational rate. Later we make use 
of this particulate exchange flux in several ways as we consider 
the interactions of bulk solid and the top plane. 

The importance of the top plane in mixing and rcaction may 
be examined by calculating how frequently the b ilk of solid 
is turned over by flows across the top plane. The fraction of 
the vessel volume filled by solid, f, is given by f= (0 -sin 
@ / a ,  where the angle p is defined in Figure 1. The volumetric 
flow to the top plane divided by the volume of Folid in the 
vessel is the rotational turnover ratio, V‘ = (UR)’ 7. Fraction 
filled and P/R are related through p by P/R =sin (13/2). 

Figure 2 is a plot of V* in terms off showing, f’ir example, 
that the particulate contents of the vessel are passe3 across the 
top plane three to five times per revolution at common op- 
erating conditions of f=0 .15  to 0.3. Exposure t o  the gas is 
evidently much more frequent than one might initially suppose. 
Moreover, there are multiple opportunities with each revolu- 
tion for axial displacement of particles by collisions on the top 
plane. Despite plug flow in the bulk, axial mixing in the kiln 
can be very good. 

The exchange flux, Np, is the total for half the top plane. 
Thus, if we define the local particulate flux, N ( x ,  y ) ,  where 
x is the lateral coordinate of Figure 1 and JJ is the axial co- 
ordinate measured from the inlet end of the kiln, then 

where the upper limit of the inner integral may be either + P  
or -P. Because E ,  L ,  0, and u are constants, we may solve the 
integral equation by inspection, obtaining 

(2) 
12(1 -E)QX 

d N ( x )  = 

Here we abbreviate N ( x ,  y )  to N ( x ) ,  noting that no y-de- 
pendence has been included; properties of the cross section of 
Figure 1 are assumed to be independent of the axial L:oordinate. 
The expression for the local particulate flux is8 valid for 
- P s x s P .  The function is antisymmetric in .c ,  N (  - x )  
= - N ( x ) .  

Average residence times 
The time required for rotation of a particle depends on its 

position on the negative half of the top plane, and we may 
obtain the value by reference to Figure 1 .  Thus, 
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Figure 2. Rotational turnover ratio as a function of frac- 
tion filled. 
Ratio is number of times per revolution that vessel contents appear 
on top plane 

(3) 

is the time for rotation of a particle from a negative top-plane 
value of x to the corresponding positive position, from co- 
ordinates ( - x ,  y )  to ( x ,  y ) .  We note that T ( X )  5/3/2aQ. And 
because the vessel is likely to be operated less than half full, 
so that /3s a, we note that T ( X )  s 1/2Q--frequently, but not 
necessarily, a small number compared to common batch times 

for transient kiln operation or average residence times for 
continuous use. 

A particle makes several excursions over the top plane and 
through the bulk during each revolution of the vessel. The 
average total time for each such excursion is 1/ V*Q = fR2/e2Q. 

The total is the sum of the average residence times for move- 
ment across the top plane and for rigid rotation through the 
bulk phase. The first of these was estimated for sparsely pop- 
ulated top planes by Singh (1978) as (4/3)P/Vm, where 
urn= 1.6186(ge sin a)’/’ is the mean speed of a particle on the 
top plane, with g the acceleration of gravity and a, Figure 1, 
the angle of repose. Thus we have the two average residence 
times, T~~~ and T , ~ ~  for the top plane and for rotation, respec- 
tively, as 

4e 
?top = - 

3 urn 

fR2 4e 
e2Q 3 ~ ,  

T,, = - - - 

Some values are listed in Table 1. Notice that the time spent 
by a particle on the top plane may be much smaller than 
required for rotation. 

Conservation Equations 
Mass balances for surface and bulk regions 

We may now define the local density of particles on the top 
plane at time, t ,  as n (x ,y, t )  and construct the continuity equa- 
tion representing the density function. This is 

an --+ V . n v = N  
at 

where u, with components v, and uv, is the local mass-average 
velocity of the particle flow on the top plane and the divergence 
is taken with respect to coordinates x and y ,  where - P s x ~ t ? ,  

The average density on the top plane for low rotational rates 
O s y s L ,  t r o .  

has been estimated (Singh, 1978) to be 

Table 1. Average Particle Residence Times* 

R n F Q  Ttop 7 , O l  

f m S - ’  V ,  (e/Ry/f  ms S 

0.15 1 1/30 0.01 4.4 14 6.8 
1/10 0.03 4.4 41 2.2 

0.15 0.05 1/30 0.002 4.4 3 6.8 
1/10 0.007 4.4 9 2.3 
1/3 0.023 4.4 30 0.65 

0.3 1 1/30 0.01 3.0 15 10.0 
1/10 0.03 3 .O 44 3.3 

0.3 0.05 1/30 0.002 3.0 3 10.0 
1/10 0.007 3 .O 10 3.3 
1/3 0.025 3.0 33 1 .o 

‘g = 9.8 ms-2, a = 20 degrees 
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(6) 
2.471P3/2(1 - E)O 

d ( g  sin no” = 

We use this estimate here for all conditions considered. 
Coordinates appropriate to  the bulk phase are also illustrated 

in Figure 1 .  We may use (x,r,y), where r is radial distance 
from the center of the vessel’s cross section, to  represent a 
point in the bulk. Alternatively we may use polar coordinates, 
(r,O,y).  In either case we employ subscript 0 to  indicate surface 
conditions when we relate these to  bulk coordinates. Thus, 
certain identities are helpful later when we employ the con- 
servation equations. In the bulk 

and relating surface and bulk we write 

tinuum of species, each one having a different extent of re- 
action-a different core size, for example, of unrraacted solid. 
In the following we presume that in practice a rela ively small, 
discrete set of species is sufficient as a model of r he common 
processes, although there is no limit in theory. 

Thus, we set n,(x,y,t) m-2, i =  1, 2, . . . , I ,  cqual to the 
local surface density of particles of species i. The :omparable 
quantity in the bulk is nb, m -  ’, as usual related to  ei !her variable 
set, (x,r,y,t) or (r,O,y,t). 

Species and enthalpy balances 

D,. That is, the top-plane flux of species i is 
Diffusion occurs on the top plane with effectixt: diffusivity 

If I =  1, only one particle species is present, am1 we set D, 
= 0. 

We assume that diffusion is not significant in thl.: bulk. This 
flux is entirely convective, 

r, = ( R2+ P2 +x:)’/~ (7c) 

Ordinarily there is no need for the subscript on  x,, and we use 
it only to avoid ambiguity. 

The bulk phase has the continuity equation, 

where u b  has components Vbr, vM, and uby (or ubx, uby, and ubr) 
and the divergence is also defined for either three-dimensional 
coordinate system. Equation 8 is valid for r , s r s R ,  - p / 2  
5 $ 5 @ / 2 ,  O s y s L ,  t r o .  

A common circumstance is that of constant bulk density, 
nb=constant, for which case Eq. 8 has the form 

a kind of incompressible flow. 

Local properties of particulate mixtures 
Mixing in rotary kilns involves the blending of particles 

having narrow, unimodal distributions of sizes. Bimodal or 
multimodal distributions are only slowly altered, and the di- 
rection of change may be toward segregation rather than blend- 
ing. This occurs for unusually large particles in the bottom 
half of the inclined top plane, where reincorporated particles 
must be trapped by gaps in the bulk-phase packing in order 
to  be rotated around t o  positive x. Large particles have rela- 
tively low probabilities of reincorporation, and they tend to  
segregate in a pool a t  x=  -P. Fines also segregate, collecting 
in the voids of the bulk phase, so that they d o  not regularly 
flow over the top plane. 

Differences among particles of about the same size are fre- 
quently chemical, therefore representing different participants 
or stages in reaction. Whereas in the former case just a few 
reactants are typically involved, one might in the latter case 
expect to  consider many stages. In calcination there is a con- 

The diffusivity, D, m2s-’, may be estimated from the em- 
pirical correlation 

where the limiting value for sparsely populated F irface con- 
ditions, achieved when P%/[a(g sin a)”*r0.5, us ially mean- 
ing small values of the rotation rate, is (Singh, 1Y78) 

O.O0540(g sin a)1/2P3’2u2 
fR2 ( 1 - e )  

D, = 

A differential area, dxdy, at  (x,y) on the positivt half of the 
top plane receives particles from the bulk region a ;  the rate N 
dxdy. A similar area at (-x,y- uby7) was the soiree of the 
same particles. Here r = r (x ) ,  given by Eq. 3, is the I ime needed 
for rigid rotation from - 8, t o  8”. The motion is actually helical, 
hence the increment in the y coordinate. 

Similarly the flux of species i onto the top p l i m  may be 
represented by [nb, (x,r0,y,t)/nb]N, which we abbreviate to 
nbr$J/nb for later use. As a consequence of the rigid-body 
rotation and helical advance, 

The value of r, is given by Eq. 7c, where x, is tht same as x 
of Eq. 12. 

Utilizing these definitions, we may construct the particulate 
species balances on the top plane, 

an, 2 n, NnbzO Nri -+ V.n,u=nD,V - + H ( x )  ---++( -x) --‘+R, 
a t  n nbn n (13) 

where H(x) =0, x<O, H ( x )  = 1, x>O, is the Hezviside step 
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function and Ri  is the rate of production of species i per unit 
area by chemical reaction. 

The corresponding particulate species balance for the bulk 
phase is 

where R,, is the rate of appearance of i per unit volume of the 
bulk. As stated previously, no diffusion is considered. One 
might include on the righthand side a term involving DblV2nb, 
to represent the relatively small contributions of diffusion to 
particulate flux in the bulk. A value of D,, might be estimated 
to be about 0. ID, on the basis of the blocked-surface experi- 
ment mentioned earlier. 

When nb is constant, as in Eq. 9, and no reaction occurs, 
Eq. 14 expresses the constancy of n,, following the motion of 
rigid-body rotation on the range - P / 2 5 8 5 / 3 / 2 .  

The enthalpy of the particles may be represented by h,(x ,y , t )  
for the top plane and by hb,(x,y,r,t) for the bulk. Both may 
be calculated as the sum of sensible heat relative to a datum 
temperature and heat of formation at the datum. We define 
enthalpies of the particle flows as h = C, h,n,/n and hb = C, hb,nb, 
/nb. Temperatures are T and T, for top plane and bulk, re- 
spectively. 

The energy balance for the top plane, neglecting mechanical 
terms, is 

+ N [ H ( x ) h , + H (  - x ) h ] + Q  (15) 

where Q is the combined convective and radiative heat flux 
onto the top plane. We treat D ,  as a constant and set hm= h, 
(x,r(,,y,t) for x>O. This is the enthalpy of the particle flow 
into the top plane at the point of emergence. 

For the bulk phase 

where kb is the thermal conductivity. 
No conductance term is included in Eq. 15. Particle diffusion 

there is the mechanism for enthalpy transport, while inter- 
particle contact and radiant exchange provide conductance for 
the bulk. The thermal conductivity of Eq. 16 may be estimated 
by the method of Schotte (1960). 

Common simplifications 
It is possible to simplify problem descriptions in several ways 

in order to expedite solution procedures. We will generally 
assume that bulk density, nb=6(1 -€ ) /ad ,  is a constant. This 
overlooks attrition and other factors that reform the particle 
size distribution during residence in the kiln. It also neglects 
repacking phenomena in the bulk arising from progress of the 
reaction and any inflation of the bulk phase owing to release 
of gaseous reaction products. 

We further assume that total density on the top plane de- 
pends only on x .  This is not valid if rotational rate is time- 

dependent or if changes of vessel radius or fraction of the cross 
section filled as functions of the axial coordinate are consid- 
ered. In addition, we ignore the periodic nature of density 
arising from the layer-by-layer transport of bulk solid to the 
top plane. This is a small effect, and it probably is smoothed 
in any case by the unpredictable triggering of the fall of each 
layer as its uppermost particles are rotated into unstable po- 
sitions on the plane. As in the case of the bulk phase, any 
expansion or fluidization because of interaction with gases 
must be defined separately. 

Similarly, the gas flow is not considered to be sufficiently 
brisk to transport particles in the top plane, and the y com- 
ponents of particle velocity there and in the bulk are expected 
to be equal. The top plane is considered to be carried axially 
by the bulk flow. Because the bulk is in plug flow, we ordinarily 
treat u,= uby as constant. 

One result of these assumptions is that Eq. 5 may be inte- 
grated to give the x component of velocity. Thus, we may 
abbreviate the equation of continuity to 

Figure 1 suggests a boundary condition at the point x=P. At 
this upper limit of the top plane the rotating vessel contributes 
to the x component of particle flux by an amount proportional 
to the cosine of the angle P / 2 .  The contribution is positive, 
but particles may be assumed to reflect immediately and elast- 
ically from the wall. Hence, (nu,) I*=(= - 2aQRn (P)cos(P/2), 
leading to the integral of Eq. 17 

(18) 
P n(e2-2) 
2 d nu, = - 2 d R n  (9 cos - - 6( 1 - E )  ~ 

The flux is negative, directed down the plane, for - P s x s P  
and 5 a. Its magnitude increases for positive x to a maximum 
at x =  0, then decreases again so that fluxes at x =  *Pare equal. 

One can argue that the random nature of cascading of par- 
ticles tends to smooth n ( x )  to a linear form, so that the prob- 
ability of addition and removal of top-plane particles, 
whichever is appropriate to the value of x, is the same at each 
position. We may assume, therefore, that 

x + e  
n ( x )  =no+ (nnu-n, , )  - P 

which yields no” as the average value on - P c x s P .  The density 
no = n ( - P) may often be zero but is, in general, an arbitrary 
value which we may include in order to avoid a singular velocity 
in Eq. 18 and to account for any tendency for particles to 
gather at the bottom of the system, at x =  -P. Later we also 
refer to a tracer experiment in which a unit pulse of an iden- 
tifiable particle component may be placed initially at x =  - P. 
In this case the first term of Eq. 19 can be written 2n$6(x + P ) .  

Another helpful form of Eq. 18 is obtained by use of Eq. 
19 with no= 0, along with the mean particle speed, urn. This is 

nu,= -4aRQn,, 
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It may sometimes be appropriate to make the assumption 
that v, is much greater than v,, as the relative times of Table 
1 suggest might often be the case. The particle flux in the x 
direction, J,  of Eq. 10a, is dominated by the final term, the 
convective part. The diffusivity is isotropic on the top plane, 
but as the result of the rapid downward, lateral motion com- 
pared to that in the axial direction we may for some circum- 
stances wish to consider an,/ax and a2n,/ag to be small relative 
to the corresponding derivatives with respect to y.  

Applications 
Isothermal mixing and dispersion processes 

There have been many studies of mixing in kilns. Most are 
either batch studies, in which an initial configuration of tracer 
particles is followed with respect to time, or continuous, axial 
dispersion experiments involving addition of tracers with the 
kiln feed stream. No chemical reactions are considered to oc- 
cur. 

The prior studies utilize one-dimensional balance equations 
based on the bulk flow. In the following we examine the as- 
sumptions needed to obtain such models from multidimen- 
sional descriptions. 

We assume that for both kinds of mixing experiments the 
velocities are known. Thus, for the bulk phase, assumed to be 
in plug flow, if F is the volumetric feed rate, then Uby=F 
/fxR2. If ,  in addition, rotation is assumed to be rigid, VbB 

=rQ and Ub,=o.  

For the top plane we take uy= Uby’ F/fTR2, with v, given 
by Eq. 18. Because we treat fraction filled, f, as a constant, 
v, is also constant and av,/ay = 0. Equations 6 and 19 apply 
to n ( x ) ,  yielding an/ax=2.471 ( 1  -e)QP”*/[d(g sin C X ) ~ ’ ~ ]  

- n,/e with a2n/ag = 0. We also set an/ay = 0. 
Proceeding to Eqs. 5 and 13 for the top plane, we assume 

at first only that an/& = 0. Then Eq. 5 may be used to derive 
the identity, 

On substitution in Eq. 13 we find for the case of no chemical 
reaction 

r 7 

The most general form of mixing problem may be ap- 
proached by solution of the two versions of Eq. 21, the first 
of these for x < 0. This result, according to our assumption 
of rigid bulk-phase rotation, provides bulk-phase composition 
(number fraction of species i) as a constant equal, say, to 
n,( -x,y, t) /n( -x,y,t), on a helical arc extending at constant 
r, from ( -  x,y) on the negative top plane to (x,y + u*,T) on the 
positive side. The top-plane composition for negative x thus 

1, ~ L 
I 

y = o  y = L/2 

a 

C 
.__ 

b 

Figure 3. Initial states for isothermal dispersion an 
mixing studies with binary mixtures including 
dark tracer particles. 
a. Initial state dependence on y ,  perhaps also 0 1 1  r 
b. Initial state dependence on x and 0 
c. Initial state dependence on r and 0 

turns into nbrO/nb, and with this number available the solution 
of Eq. 21 for x>O can proceed. 

Various initial conditions lead to specific pro 71em forms. 
Figure 3a suggests an experiment in which the in1 ial state has 
tracer particles arranged to depend on y bvt not on x.  Because 
of the relatively rapid dispersion in the x directicn, we might 
suppose that the initial lack of dependence on x continues for 
positive times. That is, we consider the number fraction of 
species i, n,/n, to be a function only of y and t ,  for which case 
we find an,/ax- (n , /n )  (an/ax) = 0. For the same reason, and 
because n ( x )  is linear in x ,  we determine t iat a2n,/ag 
= 0. Typically, for this kind of experiment no feed is used, so 
that uby = v, = 0. We might also suppose that we are interested 
in conditions at times large enough that the ma1,imum rota- 
tional time, T ( e )  = 0/2aR, is small compared to t .  Then 

and a single diffusion equation for n, results from Eq. 20, 
irrespective of the sign of x: 

In an experiment we would sample the bulk composition, 
nbr, as a function of y at some value of t. As in the general 
case described previously, we obtain nb, (r?f! ,y , t )  from 
n,( -x,y, t) ,  that is, from solution of Eq. 22b. Effectively, 
either n, or nb, can be the dependent variable of E q .  22b. The 
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solution for boundary conditions such as an,/ay = 0 for y = 0 
and y = L resembles a Gaussian distribution. Together with 
experimental data, it has provided measurements of D, (Hogg 
et al., 1966, 1969; Singh, 1978). The assumptions employed 
are reasonable, and the resulting diffusivities are correlated by 
Eq. l l a  and otherwise appear faithfully to represent D, of Eq. 
10a. 

Figure 3b refers to a study of transverse diffusion and con- 
vective mixing. If v, = 0, or if we specify that n,/n = 4 (x,t) ,  
independent of y ,  and if again nbrO/nb = n,/n, meaning that the 
fraction of tracer rising to the top plane by rotation is nearly 
equal to the fraction on the surface, then Eq. 21 resolves to 

where U ( x )  = v,- ( 2 D , / n )  (an/ax). Equation 23 is to be solved 
with an initial state similar to that of Figure 3b and boundary 
conditions such as a4/ax= 0 for x=  &tp. If D,=O and there is 
consequently no diffusion, 6, the fraction of tracer, remains 
constant along trajectories. Photographs of a cross section 
would show no changes in pattern with respect to time. Top- 
plane diffusion does occur, however, and the tracer is even- 
tually blended uniformly. 

This example is important in that it demonstrates that the 
transverse diffusion coefficient is identical to that for axial 
diffusion. Rapid convection down the plane speeds the trans- 
verse mixing process, however, as several studies show (Heinen 
et al., 1983; Hogg and Fuerstenau, 1972; Lehmberg et al., 
1977; Wes et al., 1976). 

Figure 3c refers to an initial state that is independent of both 
x and y on the surface but depends on r and I9 in the bulk. 
This case is different from the others in that the beginning of 
rotation immediately displaces tracer from the positive region 
and causes n, /n  to depend strongly on x and 0. The initial 
condition represented by Figure 3c is not a guide to later states, 
but a new initial condition representing a pulse of tracer located 
at x= - l ;  for example, 2n,$6(x+P), as noted in connection 
with Eq. 19, may be used. The problem then takes a form 
similar to that of Eq. 23 and its boundary conditions. A few 
turns of the kiln have been shown photographically to result 
in significant smoothing of such an initial configuration 
(Lehmberg et al., 1977). 

Axial dispersion experiments are carried out with continuous 
axial flow and with tracers added at the inlet end, say as pulses 
distributed evenly with respect to x. The problem resolves to 
solution of a suitable version of Eq. 21 for the number fraction 
of tracer species for x<O, 

where $-o , t )  = n, /n .  We may assume that the kiln is initially 
free of tracer and that the inlet pulse has a delta function form. 
It is convenient to consider the kiln infinite in length, with 
zero concentration at infinity, evaluating the solution at y = L 
for comparison with experimental data on exit concentration. 

It is of interest in this case to solve the problem fully in 
order to examine the validity of some of the simplifications 
that might be employed. Equation 24, with the initial condition 

$-@,O) = 0 and the boundary conditions, $-(m,t) = 0, 
$ - ( O , l )  = 6 ( t ) ,  has the solution for x < 0, 

For x >  0 one uses the differential equation, 

with the same initial and boundary conditions. From Eq. 22a 
we deduce that 

nbiO - --$- ( y -  V,T,t- 7 )  
nb 

where T = T ( X )  is given by Eq. 3 and we use Eq. 25 for the 
desired functional form. It is clear from this that the assump- 
tion that $ = n,/n depends only on y and t is an approximation 
that may be justified by limiting consideration to relatively 
large process times. In the following we avoid x-dependence 
of T ,  setting T=P/~sQ,  the maximum value on -P/2sI9 
16/2, in order to examine the largest effect of time delay. 
The solution may be written in terms of 7 = y  - v,t as: 

- [ h ] 3 ’ ’ [ e x p ( - N ~ )  -11 

From this we readily see that the second term of Eq. 26-the 
term relating composition of the rotated flow onto the top 
plane to that already on the plane-is zero if the quantity 
{ .  . . )  of Eq. 28 is unity, so that $-(s, t -  T )  = $ + ( y , r ) .  Such 
conditions occur in Eq. 28 for t >> T or, equivalently, for 
7-0. If the kiln is indeed operated less than half full, then 7 
may be quite a short time compared to the value of t that one 
might use experimentally. Hence, when t >> 1/2Q2, we expect 
that $+ and 3 -  will both be determined by Eq. 24, leading to 
the solution given by Eq. 25. 

The bulk concentration is sampled experimentally. We see 
that analysis of such samples can again lead to D, or to other 
measures of mixing effectiveness (Abouzied et al., 1974; Hogg 
et al., 1974; Mu and Permutter, 1980; Rutgers, 1965; Wes et 
al., 1976). 

Temperature distributions 
In order to illustrate use of the heat balances we consider 

here a stable, pure, particulate material, so that in Eq. 15 I =  1 
and Di=O. Particle mass is rn, and the specific heat is c .  We 
also assume constant density in the bulk and that Eq. 17 holds 
for the top plane. Top-plane and bulk energy equations may 
then be written in the forms 
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aT N Q 
at n m cn -+ ( u . V ) T = -  [ff(x)Tb”+ff( - x ) T -  TI+--- (29) 

where ab = k,/nbmc. The vector operations are, respectively, 
two- and three-dimensional for Eqs. 29 and 30. The quantity 
Tho is the bulk temperature at the point of emergence onto the 
top plane. 

The illustrations we employ refer to batch systems (no axial 
particulate feed and discharge, so that v,= uby= 0). To simplify 
integrations of Eq. 29 we find it helpful to use the transfor- 
mations 

and 

for top-plane descriptions. Then for x ~ 0  Eq. 29 resolves to 

and for xz0, 

-q(b ,p+b)  + v ( T M - T + )  (33) 
a T+ 
ab 
-- 

where q = Q/mcn and v = N/n. One appropriate boundary con- 
dition is 

T -  (0,t)  = T’ (0 , t )  = T,(t) (344 

where we define T, as the center temperature of the plane. 
One more condition is needed, most likely referring to an 

end of the plane. For example, we might assume that the 
particulate layer of the bulk nearest the wall attains the wall 
temperature at x=f. In this case 

where Tw(O, t )  is the temperature of the vessel wall and p(f) 
= t  - b(f).  

The top-plane equations can then be integrated to 

T - ( b , p ) = T  c o p +  ( ) I’q(b’,p+b’)db’ (35a) 

+ v(b’ ) Tm(b’,p + b’)lexp [ - i:, v db”]db’  (35b) 

We may simplify these if we recognize that t xp[!,b i t  db’] 
=exp[ j;(N/nu,)dx’] = exp( j,”[aln(nv,)/ax’] 1‘x’ ) = nu, 
/(nu,) IX=,,, where we use Eq. 17. We find, with ;he aid of Eq. 
20. 

- 0.1194 (2) (6) * ~ 1) I ]  dx’ (36a) 

- (&) ( Z + N T b , ) d x ’  (36b) 

For the cases in which mc is a constant and the heat delivered 
to the top plane is independent of position, Q/n,c=constant, 
so that 

T-(x,t)  = T , ( t )  -- ;; In (; ~ ‘3 (37) 

where 

and 

-= (1 + 8.38 - cos - 
urn 2 

f* 
f (39) 

The last number is close to unity for conditions m h  as those 
of Table 1. Also 

T + ( x , t )  = [ -1 Tw(i , t )  - ( f - X )  -~ Q 
mcnv, 

- (k) j:Iv’rm dx’ (40) 

According to Eq. 34a we may equate results at x = O  so as 
to determine the center temperature, 

(1/4aQRn,,) 1‘ (Q/mc+NTm) dx’ + Tw(@/2,~)cos(L?/2) 

O.1194vm/RQ + cos(0/2) 
0 

. - - 

(41) 

This actually represents the temperature of much of the bulk 
phase, according to experimental results of Barr et al. (1988) 
and others. We later make use of the value to define the driving 
force for heat transfer from wall to bulk. 

The complete solution requires that TM be emp oyed in Eqs. 
36b and 40, and the heat conduction equation lor the bulk, 

154 May 1991 Vol. 37, No. 5 AIChE Journal 



Figure 4. Conditions for a penetration-theory model of 
wall-to-bed heat transfer. 
Penetration depth indicated as a function of 0 by - - - and function 
d(@) 

Eq. 30, must be solved. New auxiliary conditions are required, 
and we next consider an example. 

Modified penetration model for wall-bed heat transfer 
Suppose that the kiln is heated externally, and a cooler gas 

is passed axially through the vessel. In the absence of chemical 
reaction such a process might represent a kind of moving, 
pebble-bed heat exchanger in which the particles form an ex- 
tended surface (Wes et al., 1976). We examine steady-state 
heat transfer in terms of a model based on concepts from 
penetration theory. 

Referring to Figure 4, we suppose that the vessel radius can 
be considered to be large compared to the penetration depth, 
d(  0 ) ,  developed as indicated during the period of contact be- 
tween vessel wall and bed. A time variable, t = (0 + (3/2)/27rO, 
is zero at the instant of initial wall-bed contact, at x= - P and 
0 = - P/2. Time assumes its maximum value, P/2aQ, when the 
rotating vessel wall ceases to contact the solid at x = P and 0 = /3 
/ 2 .  

For these conditions, during 0 s  t<P/2aQ, we define 
4 = R - r .  It is helpful to eliminate the time variable in favor 
of 0, so that the problem may then be phrased in the form, 

where t - m denotes the steady-state form and 

for 0 s t s R -  (R2-P2) i /2 .  
The initial state, given by Eqs. 43c, d, is altered during the 

period of rotation by contact with the wall, assumed in this 
case to have the constant temperature, T,. (That is, the capacity 
for external firing is sufficiently large that no cooling of the 
vessel wall during contact need be considered. In this way we 
focus on conditions within the vessel.) We wish to solve for 
the temperature profile and history, then to use these results 
to characterize the heat transfer coefficient at the wall. 

Equation 43a declares that the temperatures of wall and bed 
are equal when they are in contact. It has been argued that, 
at least for small particles, the gaseous mean free path next 
to the wall is sufficiently long that convective and conductive 
exchange cannot equilibrate the two surfaces locally (Schlun- 
der, 1971). Radiation plays a role, of course. Nevertheless, 
Lehmberg et al. (1977) concluded from their use of a pene- 
tration model that equal wall and bed temperatures led to 
excessively large estimates of wall-to-bed heat transfer coef- 
ficients. They postulated a small gap between wall and bed 
over which a temperature jump occurs. The gap turned out to 
be much greater than the mean free path of the gas, and 
Schlunder’s model was not considered to be appropriate. Rather 
the authors supposed that a gas layer of thickness slightly 
greater than the diameter of a particle presents the next-to- 
wall resistance to heat transfer. 

Tscheng and Watkinson (1979) also considered their esti- 
mates of heat transfer coefficient based on equal wall and bed 
temperatures to be high compared to the various data they 
were able to examine, accepting the explanation that a gas film 
at the wall impedes heat transfer. On the other hand the model 
of Schlunder (1971) was adopted by Barr et al. (1989) in their 
recent study of various paths of heat exchange in a pilot-scale 
kiln. 

In the present work we begin by using Eq. 43a in order to 
investigate the effects of top-plane particle flow on the pre- 
dictions of the penetration theory. The result should represent 
an improved application of the theory and give a better basis 
for examination of the argument that a temperature jump of 
significant magnitude may occur at the wall. 

An overall heat balance may be written in the form 

h,bPR ( T ,  - T,)  = - 2PQ (44) 

where we have chosen the area with which to define the heat 
transfer coefficient, hwbr to be that of the wall in the region 
of wall-to-bed contact. Utilizing this definition and the result 
of Eq. 37, we may rewrite the initial condition, Eq. 43c, as 

e * - ( t2  - 2 ~ 4  + e2)i/2 
P * + ( t2  - 2R4 + P2)i /2  

@[( ,0( ( ) ]  = 1 + Sln 

where we define @(( ,O)=[Tb(( ,O)-  T w ] / ( T m -  T,) and where 
S= [hWb/mcN(9][(/3/2)/sin(P/2)] is a Stanton number, a ratio 
of heat fluxes, that of wall-to-bed heat transfer divided by that 
of particulate convection from bulk to top plane. It is then 
helpful to rephrase the problem in terms of @((,0): 
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@(0,0) = 0 (474 

with the initial condition given by Eq. 45. 

+ S0,  ( t , 0 ) .  The first of the unknown functions is given by 
Equations 45-47 may be solved by setting @ ( t , 0 )  = %,((,0) 

% ( t ,  2) = 1 

In Eq. 49b we have used the condition R >> d(  0 )  to make the 
simplification that R - ( R2 - P 2 ) ' l 2  might be taken to be large 
when S-0, appropriate for study of @,(<,0). The condition of 
Eq. 49c is a version of Eqs. 43c,d which fixes the temperature 
of the entire negative top plane at T, as a condition on de- 
termination of 0,. 

Equations 48-49 yield 

with d(0) = [ (B  + p/2)q,/2fi]1/2. This is identical to the result 
one would obtain from the conventional assumptions of pen- 
etration theory, which replace radial transport by linear flow 
and provide boundary conditions appropriate to a similarity 
solution such as that of Eq. 50. 

For +,({,0) the same differential equation applies, 

a+., ae= (2) ($) 
with the boundary and initial conditions, 

We obtain periodic boundary conditions, Eqs. 52a,b, in this 
case by choosing the maximum of t ,  instead of the infinite 
value, for use in Eq. 52b. The solution for the case R >> d (  B )  
is 

where AJ = j , / [ R  - (R2 - P 2 ) 1 / 2 ] .  The coefficients. wJ, are to be 
obtained from Eq. 52c, and for R >> d ( 0 )  this is feasible in 
terms of a conventional Fourier sine expansion. 

The combined solution is 

where 

and 

with 

and a, = 1 + cos(P/2), a2 = 1 - cos(P/2). 
The heat balance of Eq. 44 may now be reformulated as 

On rearranging and utilizing Eq. 54 we find for the Nusselt 
number, Nu = h,&@/kb, 

in terms of the Peclet number, P =  R2PQ/ab. 
The Nusselt number for wall-to-bed heat transfer is deter- 

mined by Eq. 57 as a function of the fraction of the vessel 
filled, expressed by the angle, 0, of the Peclet number and of 
the reduced mean particle velocity on the top plane, v,/Rfi, 
which is used to determine P/P as in Eq. 39. 

If the Peclet number is large, the sum in the denominator 
of Eq. 57 does not contribute, and we find the prediction, 
Nu = 2J2p1/', when the boundary condition of Eq. 43a is used, 
that is, if the bed and wall have the same temperature when 
they are in contact. This is the result obtained by means of 
conventional penetration theory illustrated in prior studies, for 
example, by Lehmberg et al., (1977) and by Tschmg and Wat- 
kinson (1979). 

Figure 5 is a comparison of values calculated from the pres- 
ent work, utilizing Eq. 57, with other penetration 1 heory forms. 
The points shown are based on a figure of Tscheng and Wat- 
kinson (1979), where the original sources are identified. The 
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Figure 5. Wall-to-bed heat transfer. 
o Experimental data of Tscheng and Watkinson (1979) 
a. Conventional penetration theory, Nu = 23i2P'i2 
b. Empirical form of Tscheng and Watkinson, Nu= 11.6 Po' 
c. Present calculations, f lR/u ,  = 0.05, p 5 110 degrees 
d. p= 140 degrees 
e. p= 180 degrees 

current predictions are lower than those from conventional 
penetration theory, and they are as a result in better agreement 
with the experimental results. The explanation comes from 
recognizing that rotation of particles from bulk to top plane 
assists heat transfer. Hence, for a given heat load one requires 
and predicts a smaller heat transfer coefficient than is the case 
if the rotational flux is not considered. 

There does not appear to be justification, therefore, for 
postulating an air gap at the vessel wall as the explanation for 
experimental Nusselt numbers smaller than those predicted by 
conventional penetration theory. Instead we find in the present 
problem form that the steady state is maintained by the loss 
of heat from the top plane to the gas phase, in an amount 
identical to that transferred to the particle bed from the wall. 
It is the heat flow from the top plane that lowers the net heat 
flux, hence decreases the calculated heat transfer coefficient. 

For Peclet numbers below lo4 Tscheng and Watkinson (1979) 
recommend the empirical form, Nu = 11 .6P0.3, basing this on 
all of the published data available at the time. 

The apparent scatter for large Peclet numbers in Figure 5 
is not entirely the result of experimental errors. We have seen 
that Nusselt numbers cannot be represented solely as a function 
of the Peclet number. We must specify degree of fill, repre- 
senting angle p, as well as the reduced time, QR/v,. Thus, for 
Peclet numbers of about lo5 there is segregation of the ex- 
perimental results into horizontal groups. There is qualitative 
agreement between experiment and prediction, in the sense 
that the lower horizontal groups of points correspond to larger 
particle sizes, probably consistent with large fraction of vessel 
filled. Further detailed comparisons are hampered by the need 
for additional experimental information. 

Discussion 
The particulate flow through a rotary kiln has been treated 

here as occurring in two distinct regions, an axial, bulk portion 
moving quite slowly and a faster, lateral flow across the top 
of the axial stream, produced by rotation of the vessel. If the 
kiln is operated considerably less than half full of particles, 

then an element of solid may move frequently between the 
flows, crossing the top plane several times during each revo- 
lution of the vessel. 

Axial particle diffusion is superimposed on the lateral, top- 
plane flow. Despite the short residence time on this plane 
experienced by a particle moving directly laterally at the mean 
particle speed, impediments to free flow, such as collisions, 
distribute residence times broadly and lengthen particle tra- 
jectories on the top plane. 

Coupling of the bulk and top-plane regions assists any pro- 
cess involving significant radial fluxes. This, as we have shown, 
is the case for heat transfer from an external source to the 
axial gas flow, by way of the particulate mass. Such assistance 
would also be observed for calcination and for pyrolysis, when- 
ever gas-solid interaction is important in determining the rate 
of a process. Turnover of particles through the top plane brings 
particulate and gas phases into close contact. Diffusion on the 
top plane assists by prolonging residence time there. Excessive 
top-plane diffusion can decrease rates, of course, if overall 
performance depends strongly on plug flow of the solid. 

Mixing processes also depend critically on top-plane behav- 
ior, for dispersion of particle species is severely limited if top- 
plane diffusion is in some way curtailed. It is important to 
realize, however, that vessel internals that do not protrude 
through or into the top plane so as to inhibit axial dispersion, 
are generally beneficial in fostering the cooperative actions of 
top-plane and bulk regions. 

When mixing involves particle types that can interact in some 
fashion-for example, by heat or mass exchange, perhaps by 
solid-solid reaction-then the bulk phase has special impor- 
tance, because it provides the most intimate particle-particle 
contact, disturbed rather little by other vessel processes. Even 
in these circumstances, however, the rearrangements of par- 
ticles that accompany frequent movement into and out of the 
top plane contribute positively to overall rates. Without such 
reformation of particulate structures in the bulk, driving forces 
between adjacent particle surfaces eventually would become 
too small to support suitably rapid changes. 

Problem-solving is aided by breaking the top plane into two 
parts. That for x>O, above the midpoint, is coupled to the 
bulk properties by the flow of solid from bulk to top plane. 
For x<O, however, in the region below the midpoint, the 
species and enthalpy equations involve only top-plane vari- 
ables. 

Thus, a problem is generally best attacked by first consid- 
ering the top-plane equations for negative x. The result is 
composition or temperature, for example, of the particles that 
must be captured by the bulk and rotated around to positive 
x .  One thus obtains initial or boundary conditions for solution 
of the bulk equations, which in turn yield values to be incor- 
porated into the top-plane equations for positive x. Identifi- 
cation of the top-plane forms at the midpoint, x =  0, completes 
the procedure. 

Problems may be simplified in a number of ways, loosening 
the otherwise strongly coupled bulk and top-plane descriptions. 
When they are used fully, the various assumptions produce 
problem descriptions identical to those that would be con- 
structed if the solid flow were considered to be in a single, 
axially directed stream. This is reassuring. But it also illustrates 
that one needs discretion in applying simplifications so that 
the important top-plane phenomena are not ignored and so 
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that  the interactions of bulk and top plane, essential t o  the  
understanding of some processes, are included. 

Subscripts and superscripts 

b = bulk-phase value 
i = particle species, i =  1, 2, . . . , I 

au = average value 

Notation m = mean value 
a =  
b =  
B =  

d =  
D =  
f =  
F =  
g =  
h =  

hwh = 
H ( x )  = 
J ,  Jh = 

k =  
f =  

e =  
L =  
m =  
n =  

nh = 

c =  

N =  
Np = 
NU = 

P =  
4 =  

Q* = 

R =  

s =  
t =  

T =  

I/* = 

Y =  

Q =  
r =  

R,, Rh, 

u =  

x =  

defined by Eq. 56b. 
time variable, Eq. 31a, s 
see Eq. 56a 
specific heat, j/kg.K 
penetration layer thickness, m 
particle diffusivity on top plane, m2/s 
fraction of vessel volume filled with solid 
volumetric feed rate of solid, m3/s 
acceleration of gravity, m/s2 
enthalpy, j 
heat transfer coefficient between wall and bed, W/m2.K 
Heaviside step function; zero for x<O, unity for x > O  
particle flux, m-’.s-’ or m-’.s-’ 
thermal conductivity, w/m .K 
half-width of top plane, m 
see Eq. 39, m 
length of kiln, m 
particle mass, kg 
surface particle density, m-2  
bulk density, m - 3  
local exchange rate, top plane and bulk, particles/m*.s 
total exchange rate, particles/s 
Nusselt number for wall-to-bed heat transfer, h,&o/kh 
Peclet number, R2QP/ab 
Q/mcn, Eq. 32 
heat flux, W/m2 
see Eq. 38, W/m2 
radial coordinate, m 
vessel radius, m 
reaction rates, particIes/m2. s or particles/m3. s 
Stanton number, Eq. 45 
time, s 
temperature, K 
velocity of particle flow, m/s 
rotational turnover number, (P/R)’/f 
lateral coordinate, m 
axial coordinate, m 

Greek letters 
01 = angle of repose; thermal diffusivity, m2/s 
/3 = angle subtended by top plane 
y = angle of tilt of kiln 

A = penetration depth, Eq. 55b 
E = void fraction of bulk phase 
( = depth, Eq. 55a 
0 = tangential coordinate 
h = eigenvalue, Eq. 53, rn-’ 
p = relative time, Eq. 31b, s 
v = N/n ,  s-’ 
.$ = R - r , m  
u = particle diameter, m 
7 = average residence time, s 

~ ( x )  = rotation time, eq. 3, s 
Cp, $ = number fraction of a particle type 

6(x) = Dirac delta function 

0 = dimensionless temperature 
,y = defined by Eq. 56b 
w = Fourier coefficient 
Q = rotational rate, s-’  

r, 0 = polar coordinate axes in bulk 
s = sparsely populated limit 

rot = average during rotation 
top = average for top-plane condition 
x, y = lateral, axial coordinate direction 

w = value at vessel wall 
0 = value of r or B at top plane 

m = center temperature 
+ , - = (superscripts) values for x>O, x<O 
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